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Association rates are calculated for cases where one reaction partner belongs to a chain that has an unspecific affinity to 
the other. Provided that the unspecific attachment does not completely suppress diffusion along the chain, this channeling 
may considerably speed up tke association. Explicit formulae are derived to show how this effect depends on the chain 
length and other parameters_ The influence of electrostatic forces and reaction barriers is discussed. Time dependent solu- 
tions of the diffusion equations are analyzed in order to test the usual steady state assumptions. Experiments on the repres- 
sor-operator system seem to be in good agreement with our theory. 

1. Introduction 

It is a well-known fact that diffusion in one- or two- 
dimensional space is far more effective in fmding a 
target than it is in three dimensions. Thus, there is no 
surprise that nature has used tis principle in order 
to enhance reaction rates. As an appealing example 
thereof, Adam and Delbriick [ 13 discussed how in- 
sects increase their sensitivity for pheromons by means 
of antennae which do not by themselves possess recep- 
tars but guide the pheromons on their random walk. 
The same idea has successfully been applied to explain 
the high association rates of repressor-operator bind- 
ing [2,3] as well as of certain reactions involving mem- 
brane bound enzymes [43 _ 

The picture that we use for the repressor-operator 
association 153, and possibly for the finding of pro- 
motor sites by RNA-polymerase, or of other specific 
sites ori a DNA strand by theii recognizing enzymes, 
depends on two prerequisites: 

(i) the repressor has an unspecific affinity to any 
kind of DNA so that it may be trapped not only by 
the operator itself but also on adjacent parts along the 
strand. That such an unspecific binding exists has been 
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established by Lin and Riggs [6]. Its nature is primari- 
ly electrostatic attraction as shown by its strong de- 
pendence on ionic strength. 

(ii) the unspecific association to DNA does not com- 
pletely immobilize the repressor but allows for diffu- 
sior,al motion along the chain. Thus the binding should 
not be too tight, and therefore electrostatic attraction 
is particularIy appropriate. No direct experimental evi- 
dence is so far available to support this assum$ion, 
the technical difficulties being aggravated by the ex- 
pected low value (< 10Mg cm’/s) of the diffusion con- 
stant for one-dimensional mofion. 

The implications of(i) and (ii) are intuitively ob- 
vious_ If D, is the diffusion constant for the unspe- 
cifically bound repressor and A its dissociation rate, 
then m = I is the length a repressor molecule will 
cover along the DNA each time it is bound. This may 
greatly exceed the linear dimensions of the operator 
itself and therefore increase the specific association 
rate accordingly. 

In ref. [3] the specific association rate kass was 
calculated as the flow of particles onto a long prolate 
vheroid of length 2 I and diameter b which is the ra- 
dius of encounter between DNA and repressor. A stand- 
ard von Smoluchowski picture led to kass = hD,l/ 
ln(2I/b), or a slightly more involved formula if elec- 
trostatic forces are taken into account;D3 is the bulk 
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difftision constant. Satisfactory agreement -with the 
experimental findings could be estabhshed which also 
qualitatively Btted in with. the ionic strength effects. 
The prediction was made that upon shortening the 
total length 2 L of DNA, the association rate would 
decrease as soon as L s 1. 

No precise formula was given, however, for the ex- 
pected L-dependence of&,. Furthermore, as pointed 
out by Berg and Hornberg [73, the mathematical pro- 
cedure of [3] was not entirely rigorous because diffu- 
sion along the strand was not exphcitiy coupled to s 
the motion in solution, Finally, no investigation of the 
time dependence had been carried out, the tacit as- 
sumption being that the transient time for the steady 
state to build up is short compared to the experimen- 
tal times involved in the determination of the rate con- 
stants (which takes seconds or minutes). 

The present paper is devoted to an extensive analy- 
sis of these questions and will essentially confirm the 
earlier statements. The treatment will be entirely in 
the classical spirit of von Smoluchowski [S], Debye 
[9], and Eigen [IO], and yet take full account of the 
coupling between three- and one-dimensional diffu- 
sion_ The following section outlines the method and 
formulates the basic equations, including a digression 
on electrostatic effects. In sections 3 and 4, various 
steady state situations are analyzed that differ in their 
geometry and boundary conditions. The dependence 
of the specific association sate on the total length of 
DNA will be given for three different cases, showing 
that the qualitative behavfour is quite independent of 
the details in the set-up In sect. 5 we solve the time 
dependent equaiions for two situations, with a two- 
fold aim: one, the steady state assumption will be jus- 
tified for the experiments that have been carried out 
so far, and two, comparison with the work ofBerg and 
Blomberg [7] will be made showing that their approach 

to %ss involves unnecessary difficulties. Finally, in ’ 
sect. 6 a summary is given and the results are discussed 
in the light of experiments. 

2. Coupling of three- and one-dimensional diffusion 

2_ 1. Tie pltysica2 picfwe 

Let us first describe in words what is to be put into 
precise mathematical terms in the following section. 

A particle diffuses in three-dimensional space (diffu- 
sion constant D3) until it comes into contact with a 
one-dimensional chain. At each such encounter the par- 
ticle gets bound to the chain, i.e. we assume the unspe- 
cific association to be diffusion controlled. While at 
the chain, however, the particle continues to diffuse 
with a reduced diffusion constant D1 _ The time availa- 
ble for this erratic search along the chain is limited by 
the rate X at which the particle returns to the pool of 
freely moving particles. Once dissociated, it may leave 
the chain behind forever or find it again and become 
reassociated. In that sense we also take the dissocia- 
tion as diffusion controlled. At one point along the 
chain (2 = 0) there is a trap. Whenever a particle gets 
there it will be tightly bound and spend a long time 
there before being released, at Tate y, to go on with 

one-amensional diffusion, dissociation, reassociation 
etc. 

L? the stationary state detailed balance holds be- 
tween any two of the three reservoirs: 

- the bulk, number of particles per cm3 denoted 
by jr(r); 

- the unspecifically bound particles, their number 
per cm chain being u(z); 

- the specifically bound particles, s in number. 
Given constant bulk concentration everywhere on 

the outer boundaries of the reaction vessel, II (o-b.) = 
N,-,, the absence of net internal flows implies homoge- 
neity within each compartment, n(r) = no, u(z) = ug, 
s = so. The concentrations are related by thermody- 
namic equilibrium constants: 

r&o = K,,, s&o = K,, 

s&o = K,K,, = K,, - (1) 

Our interest is mainly in the specific binding, i.e. 
we want to interpret A$1 as the ratio of a specific as- 
sociation and a corresponding dissociation rate: 

n-, = kas,/k~ss - (2) 

For that purpose we follow the reasoning of v. Smo- 
luchowski, Debye, and Eigen [S--10] and regard the 
stationary situation as a superposition of two flows, 
one describing association, the other dissociation. For 
the association it is fictitiously assumed that at the 
outer boundaries we have IQ as before but at the bind- 
ing site z = 0 every particie is taken away as soon as it 
arrives, The specific association rate k,, is then iden- 
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tiiied as the number of particles which enter this sink 
per unit time and concentration: 

n,,(o.b.) = no, s = 0, 

The factor 2 accounts for the fact that association is 
from two sides of .Z = O_ Conversely, dissociation is en- 
visaged as the stationary flow of particles in case s is 
held at its equilibrium concentration so, and every par- 
ticle crossing the outer surface is removed: 

tz ,-&o.b.) = 0, s = so, 

The siznilarity of ihe two problems (3) azzd (4) is ap- 
parent and we shall mainly restrict ourselves to the 
case of association. The question now is: how do we 
properly take into account the unspecific binding to 
the chain? 

2.2. Tire basic equations 

To be explicit we shall be using cylindrical coordi- 
nates here. Translation to spheroidal or other geome- 
tries is straightforward and will be done when required 
(sect. 4) We place the chain between -L. and t-L along 
the z-axis, its total length being Z., the radius of en- 
counter with the particle b. The idealization of taking 
a straight chain will be discussed at the end (sect. 6) 

We now analyze the problem of association and de- 
rive a complete set of equations and boundary condi- 
tions for naSS and uess_ The equation for the bulk con- 
centration is obviously 

aJl_lat = D3Q 2 Jl._ - (5) 
For the unspecific&y bound particles consider fig. 3 
and add up the four flux contributions to i&&It, the 
particles which are associated to the chain, the disso- 
ciating particles, the particles entering at the top minus 
those leaving at the bottom: 

The difficulty rests in the connection of the two equti- 

t 

i 
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Fig. 1. The rate of change of total particle numberh - u within the 

dashed box is made up of four contributions: 01 = 2x(b + l )h 
03 ~FZin/a~~,b+c, 92 = --hhu(z), o3 = I& at~lar~=+~~, 94 = 
-D1 au/& I,_ The change of particle density is therefore au/at= 

lim,Jz_O Zi~iJ?l- 

tions (3) and (6) at r = b. However, it is familiar from 
electrodynamics or quantum mechanics that whenever 
a flow crosses a boundary, the total solution may be 
decomposed into an ingoing, a reflected, and a trans- 
mitted part. There is no question of identifying ztLss 
as the transmitted part. But how do we distinguish an 
ingoing part JZas, in from a reflected one, ?I~,“, in the 
bulk? The answer can again be given in the framework 
of a von Smoluchowski-Debye-Eigen picture. As- 
suming that the unspecific association is diffusion con- 
trolled, the incoming part should be totally consumed 
by the chain. Consequently, the reflected part ozigi- 
nates from the particles that Ieave the chain, and is 
taken away at the outer boundary: 

Jl 
in 
ass I 0, r=b = zz&(o.b.) = zzo , 

(7) 

(8) 

a,z ret-l 

2nbD3 ar 

3 =_h I ZISS’ 
n$z(o_b.) = 0. (9) 

r=b 

the reason for our writing ~zf& izz eq. (6) should now 
be clear. The boundary conditions for uaSS are 

u_(z = 0) = 0, 
%SS 
x I =o. 

==*L 
(10) 

To sum up, the problem of calculating the specific 
association rate may be solved in the following se- 
quence. Since we are interested in steady state solu- 
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lions of eqs. (5) and (6), first determine rr$!s from 
Laplace’s equation and boundary conditions (S). Next 
compute the f7ow 2abD3&r~s/&I, onto the chain 
and solve eq. (6) for uass, using boundary conditions 

(10). k,, is then obtained from (3) The total bulk 
distribution of particles may subsequently be calcu- 
lated by solving for uE~, using eq. (5) and boundary 
conditions (9). 

A straightforward generalization may account for 
cases where the unspecific association is not purely 
diffusion controlled. The standard way to describe a 
reaction barrier, for the incoming particles, is in terms 
of a parameter X-: 

nin 1 a& -- asslr=b=~i ar r=b . 0 1) 2-3. Elertrostatic effects 

In the limit Tc + 03 we recover condition (8) whereas 
for X- = 0 no association takes place at all. The remain- 
ing boundary conditions would not be affected_ 

It is now easy to analogously formulate the prob- 
lem for dissociation from the trap. Some care must be 
taken, however, to properly state the boundary con- 
dition for Us& at z = 0. It may be helpful, for that 
matter, to consult the appendix where we present a 
discrete model which illustrates the kinetic nature of 
our system. The basic assumption throughout this 
work is, of course. that on a molecular scale diffusion 
along the chain is a faster process than dissociation, 

D,fa2%A. 02) 

Here a is the distance between neighbouring binding 
sites on the chain, and diffusion is visualized as a ran- 
dom walk over these sites. Let /.r be the kinetic pa- 
rameter for release from the trap at z = 0 to a neigh- 
bouring unspecific binding site which we also assume 
a distance a apart. Then if (12) is fulfilled, the bound- 
ary condition at z = 0 reads 

(13) 

This means rh& most of the particles that once leave : 
the specific binding site do not immediately disso- 
ciate from the chain but first diffuse in z-direction and 
eventually return to the trap. In the near neighbour- 
hood of z = @ the equilibrium between so and u,-, is not 
disturbed. In a certain sense, therefore, the boundary 
condition (13) automatically accounts for a “reflected” 
part in Udiss which is the solution of 

The bulk concentration “diss fmally derives from 
Laplace’s equation and the boundary conditions 

%iSS 
2sbD3 ar 

---I 
r=b = -hudiss, rzd&o.b_) = 0. (15) 

The dissociation rate kdiss is given by (4) or, because 
of conservation of matter, by 

(16) 

Taking into account electrostatic forces, the particle 
fhrxes are no longer driven by the concentration gra- 
dient alone but rather by the inhomogeneities of the 
chemical potential p: 

Vfl-t?rVkT Y=vrr+nv& (17) 

where U is the electrostatic potential. In the simplest 
possible approximation we neglect screening effects, 
or free charges in the bulk. Then the potential U obeys 
Laplace’s equation, 

VW= 0, 

and instead of e.4. (5) we have 

(18) 

ai2 - 
~=D3v2n+D3Vn -v $, (1% 

both for association and dissociation_ The chain may 
reasonably be taken as an equipotential surface, iJ(r = 
b) = const., and the outer boundary is assumed to be 
grounded, U(o.b.) = 0. Diffusion along the chain is not 
affected by the electric forces because it proceeds or- 
thogonal to the field. The boundary conditions of the 
previous section also need no modification. 

As a first and simple ilhrstration let us discuss the 
case of unspecific binding to the chain, i.e. we dis- 
regard the sink at z = 0. For simplicity we take an 
infinitely long chain, L + m, so that the problem de- 
pends on coordinate r only. The outer boundary be 

located at r = R, and we have n(R) = “0, U(R) = 0. 

From eq. (18j we obtain the familiar potential 
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U(r) = U(b) s _ 
The ingoing part of the bulk concentration then fol- 
lows from (I 9) and (8) 

(21) 

The flux of incoming particles per cm chain and con- 
centration is nothing else than the phenomenological 
unspecific association rate 

In Rfb 1 _ eU(b)lkT - (22) 

The dissociation from the chain is simi!ally described 
by an outgoing part n”“‘(r) which fulfils the boundary 
conditions (9) with u(z) E u,, given by detailed balance 

XU, = kin”0 _ (23) 

We find 

,ir+) -I- 12out (r) = tzO , (24) 

and the flux of outgoing particles at r = R gives the 
observed dissociation rate: 

k *tl 
anout =-- 

out 
0 

25rm3 7 I R 

~2 kin eU(h)lkT = XeU(b)/kT _ (25) 

The expressions (22) and (25) allow for an interpreta- 
tion of the unspecific binding in terms of electrostat- 
ics alone. Let us assume an attractive interaction be- 
tween the chain and the particle, U(b) < 0. Without 
any intrinsic affinity to the chain the palticle would 
dissociate at a rate X0 = D3 fd2 wfiere d is the mean 
free path for ‘rhe tumbling motion in solution; reason- 
able assumptions for 03 (a 1 O-’ cm2/s) and d (~1 - 10 
A) lead to +, =107-10gs-1_Anobservedhof10/s 
could then be ascribed to a potential U(b) in the order 
of 8 - 11 kcal/mple which seems quite reasonable for 
a molecule with the size of the repress&. For the as- 
sociation rate kin the dependence on electrostatic 
forces is much weaker and can be interpreted as an 
effective increase of the radius of encounter; screening 
effects would reduce the rate enhancement due to at- 
traction. Thus if we adjust b to contain the influence 

of the electrostatic factor in (22), and if X is taken to 

contain the factor eU(b)lkT, we may include electro- 
static effects without explicitly mentioning them. 

3. Cylindrical geometry 

The rod shape of DNA makes the choice of cylin- 
drical coordinates most obvious_ We consider chains 
of radius b and length 2L extending along the z-axis. 
Assuming that they may be regarded isolated each 
DNA chain may be embedded in a larger cylinder of 
the same length* but radius R > b. These cylinders 

are assumed to fili the reaction volume and thus ap- 
proximately 2aLR2 = so1 where so is the DNA con- 
centration (the results do not depend critically on R 

which is confirmed also by the results of sect. 4). Ac- 
cording to (8) we assume II = 11~ on the outer cylinder, 
for the case of association. This will be done in sect. 
3.2. Ancthcr kind of boundary condition has been 
treated by Berg and Blomberg [7] in their “closed cell 
approach”: The condition of vanishir~g flux across the 
boundary. In this case there is no stationary state ex- 
cept the trivial one n(r) = 0, and the only interesting 
feature is the time it takes for the sink at z = 0 to con- 
sume all the particles initially present. Since this time 
can be related to the association rate we shall discuss 
it in connection with transient behavlour in sect. 5.2. 
The first section, however, will be devoted to Ihe case 
of “mixed boundary conditions” which is mathemati- 
cally the simplest one, yet exhibits all th,: features of 
the more realistic cases. 

3. I. Mtied boundaq conditions 

WY assume faced concentration at the outer cylin- 
der r = R and no flux passing through its top and bot- 
tom: 

n(r=R)=q-,, a?~iazI,=,, = 0 _ (26) 

Let us first analyze the case of association. The incom- 
in3 part fulfrls ,$&(r = b) = 0. ?fius it is easily veriiied 
that 

(27) 

* It wouid be mathematiulJy quite difficult thou@ more realis- 
tic to have the outer cylinder larger than 2L. The spheroidal 
coordinates, sect 4, help to simulate such a situation. 
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Fig. 2. L-dependence of the association rate kass given in re- 
duced units for n: mixed boundary conditions (sect. 3.1), b: 
n = no everywhere on the outer cylinder (sect. 3.21, c: sphe- 
roidal arrangement (sect. 4). For comparison, the cylinder 
radius R has been chosen equal to 21, b = iOm31, k, = &7031/ 

h(R/b). 

independent of z. The flux onto the chain is therefore 

2iIbD 
a& ‘ZDS 

3 I ar .b =-no ~ kin”0 , 
1nRJb (28) 

cf. (22). Next solve eq. (6) for the stationary state 
au,far = 0, using (28). The result is 

kin 
~&Z) = “0 h 

1 _ cosh(z - L)Ji 

cash LJi ’ 

where I is the length defined by 

(29) 

(30) 

For large L, L 9 I, the profile (29) increases from 0 at 
z=Otorrokin/hatz>l.Theslopeatz=Ogivesthe 
specific association rate, according to (3): 

L 

4nD3 
=-I tanhLJI= 2kin~eefr _ 

In RJb (31) 

The interpretation is straightforward: ki, is the rate of 
unspecific association to the chain, per unit length, Zeff 
therefore represents the effective range of the central 
sink. For L 5 I it coincides with the length 2 a particle 
diffuses along the chain during time h-l; if L is smaller 
than I the total length L becomes the limiting factor 
for the association rate. Fig. 2 shows the L-dependence 
of kss. For small L the present boundary conditions 
underestimate the rate because no particles are allowed 

to come in through the top. 

The reflected contribution to n,,(r. z) may be cal- 

Fig. 3. Steady state distribution of particles in the bulk, for 
the case of association (Z-* = 5, R = 1, L = 5). The dependence 
on r is shown on a logarithmic scale as rfZ~ ranges from 1 to 103, 
no = 1. 

culated from Laplace’s equation and boundary condi- 
tion (9) using the result (29). Numerical evaluation 

leads to the picture of fig. 3 where the range of the 
operator sink is shown both in r- and z-direction_ 

The modification induced by taking the boundary 
condition (11) instead of the pure case of diffusion 
control is obvious. The r-dependence of & is smooth- 
er than in (27), 

&(r) = n 
1 + kb in rJ& 

o 1 +kb InRJb 

and the unspecific association rate is reduced accord- 
ingly: 

(33) 

The specific association rate is again 2ki, iefr- Assuming 
that the unspecific equilibrium uo/no = ki,JX is not af- 
fected by the reaction barrier, in changes in proportion 
to ki,, and i - kl&,‘12 is increased_ At large L, therefore, 
the reduction in kass is weaker than in kin, 

k ass 

For small chain lengths, on the other hand, Zeff = L 
and the reaction barrier is fully apparent in kass: 

k ass (35) 
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We now turn to the calculation of the specific dis- 
sociation rate. The diffusion equation (14) with bound- 
ary condition (13) is solved by 

U&(Z) = so cosh(z - L)lZ _ 

Dl cash L/1 
- a0 - u&z) - (36) 

and k, is derived by means of (16): 

(37) 

At first sight it might be surprising that the dissocia- 
tion rate is reduced to the same extent as the associa- 
tion rate is enhanced, k,, - I, k&, - 1-l (L > r) so 
,$hat the equilibrium constant 

so/no = k,,/kdi, - Z2 (3% 

seems to deper:d on a geometrical factor. This is not 
in contradiction, however, to sO/rro being the product 
of two equilibrium constants, 

%n 9 kin D1 “0 So 
so!“o = Fa I- = _ I - = II . _ 

X w o u. 
(39 

The point is that a modification of these equilibria by 
means of h or D may be expressed in geometrical 
terms because J--- D1 /h 1s a ler@h with a well defined 
physical meaning. 

3.2. Concentration jixed at r = R and z = *L 

For small chain lengths 2L it is certainly not realis- 
tic to have so markedly different boundary conditions 
at T = R and z = %L. We therefore proceed to calculat- 

ing k,, for the more interesting case II = Pro every- 
where on the outer boundary. From now on we shall 
only consider association because the dissociation rate 
can be inferred from k,, and the equilibrium constant. 
The index “ass” will henceforth be omitted. 

We have to solve Laplace’s equation 

(40) 

with boundary conditions 

$a(r, -tL) = no, a7+n/azIz=0 =o, 

Sqzz,Z)=~~o~ ?zqb,z)= 0. (43) 

The solution may be expanded in the following way: 

nqr, z) = no + CA R >‘<k, r) cos k,, z , 
n=O 

(42) 

where 

kn = (n + ;)irjL (43) 

in order to satisfy the first two boundary conditions, 
and 

y(Ti, r) = Io(k,r) KO(X-,R) - ‘o(k,R) KO(&T) (4.9 

is a suitable combination of Bessel functions for the 
third boundary condition to be fulfilled 0, (k,R) = 0). 
Imposing nin(b, z) = 0 upon (42) and using the or- 
thogonality relation 

i; cos k,Z z cos km z d-7 = Lh,,,, 12 
0 

finally determines the A,,. The result is 

n’“(r, z) = ?‘O 1 - 2 nFo k,y(X-,b) 
( 

m (-‘)Q%~)cosk = 
n *) .(45) 

which immediately gives the flux onto the chain 

= zZo3 no 2 c (F “$2 b, cos k,,z. (46) 
no -n -n 

The equation for u must be solved with (46) as an in- 
homogeneity. The ansatz 

u(z)=Acosh~+Bsinh~+ c C,, cos k,,z (47) 
n=O 

leads to 

2irD3 2 5 -Fc,bJ”(k,b) 
u(z)=-_x”o~,,o 

I 

y&b) 1 + (k,, 1)? 
(4s) 

x I sinhz/Z (-_I)” cosh(L - z)/Z + (-lr cos k I ~_ 
cos.hLli k,, co&I L/I x-n 

IIz - 
I 

The association rste is obtained from artjaz I o, accord- 
ing to (3) 
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This somewhat cumbersome expression has been eval- 
uated numerically. The L-dependence is displayed in 
fig. 2 where comparison with the earlier result (31) is 
made. At small chain lengths, L 5 I, the rate (49) is 
higher due to contributions from the cylinder’s top 
and bottom. For L Z+ I, on the other hand, the two 
formulae both lead to kzs = 47rZ+ l/hr (R/b). In order 
to derive this from (49) note that -&.;nb y’(IcJr)/~~(k,b) 
tends to 1 /ln(Rfb) for L + 00, and 

=I_ (50) 

Although (49) may appear somewhat more realistic 
than (31) it is nevertheless not entirely satisfactory for 
small chain lengths L < 1. The reason is that near the 
ends, z = X, the external concentration is artificially 
held at the high value no_ Thus (49) is expected to 
overestimate k,, and the true value will be somewhere 
in between (31) and (49). The outer boundary is no- 
where too cIose to the chain if spheroidal coordinates 
are used to solve the problem. 

4. Spheroidal geometry 

The main advantage of spheroidal coordinates is to 
allow for a smooth transition from spherical to cylin- 
drical problems (prolate spheroids) 2r from spherical 
to discoidal situations (oblate spheroids). We are inter- 
ested here in the prolate case, and represent the chain 
of length 2L and radius 6 by an ellipsoid which has 
rotational symmetry with respect to the z-axis. Its foci 
are located at .r = -i(L2 - b2)Ii2 =: *a/3, and we shall 
consider the-set of all spheroids that have the same 
foci. These are labelled by the coordinate $ such that 
their long half axis is &&and the small one a@* - 
l)l/2/2. In particular, since our chain has small half 
axis b, it is characterized by 

,& = L/(L2 - @)I/2 (51) 

which is close to I for DNA-like molecules. The outer 

surface may be any spheroid .$o > .$_ The case C& + 0 
presents no such difficulty as R + 00 would in the q- 
lindrical arrangement. 

The two remaining spheroidal coordinates are q and 
y, each q denoting one sheet of a hyperboloid of revo- 
lution, y the azitnuthal angle. The complete relations 
between cartesian and spheroidal coordinates are 

X = fa((f2 - I)(3 - ?$))J/2 cos (? ) (52a) 

y = $a@* - I)(1 - r&)1/2 sin q, (52bI 

t =$afn (52c) 

The Laplace equation for the incoming part now reads 

(53) 

Its solution satisfying nirr&) = 0 and uin(-) = “0 is 

The fhrx onto the ring between q and n + dq, of the 
spheroid &,, is 

2Z 

D3 J IV rrin($) &(E* - l)(l - q*))’ I2 dp 
0 

2 

(55) 

The diffusion equation for the unspecifically bound 
particles therefore reads as follows: 

No approximation has so far been made. It appears; 
however, that solving (56) for arbitrary .$t, is a difficult 
task. We thus confme ourselves to the limit oflong 
rods, &, * 1 or b < L, which implies u/2 = L, .$b - 1 
= b2 /2L2_ With I E was before, the equation for 
u reduce to 3 

(57) 

The solution that vanishes at Q = 0 and is regular at 
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8 = 1, Wani q=1 = 0, is very similar to (29): 

mi9 = 
25rD3no 

Aln2Llb ‘- ( 

cash L(1 - 17)/Z 

cash LIi ) - (58) 

Finally, the association rate is given by (2/a,)D, Vz~ln=, 
and reads 

k 
45-03 

ass 
=-ztanhlli. 

In 2Llb (59) 

This result coincides with (31) if the somewhat arbi- 
trary distance R is chosen to be the chain’s total length 
2L. The L-dependence of (59) slightly different 
that in or (49): logarithm takes account 
to extent a is not good a for a 
fusing particle, a disc a sphere. 2 compares 

three formlllae: For 2 R. spheroidal result 
between two expressions 

and (49), expected. For chains (59) 
a decrease k,, which becomes noticeable for L 9 i 
because In (2L/&) = ln (21/b) + In L Ji. As the chain 
grows in length it steadily extends its range to farther 
distances, thereby-decreasing the average flow onto a 
piece of given length. This did not occur in the cylin- 
drical arrangements because the total particle number 
was increased and R was held constant as L became 
larger. 

5. Transient behaviour 

So far we have only investigated various stationary 
states of the diffusion equation_ The question now is 
how fast will these steady states of flow build up from 
given initial conditions. Duiing this transient process 
the rate constants must be considered as time depen- 
dent Ill], and it is important to know if this will af- 
fect the experimental observations. 

In order to analyze the problem we solve eqs. (5) 
and (6) for the general time dependent case, the initial 
cordition being a homogeneous distribution of parti- 
cles outside the chain, and no particles bound: 

n(r, t = 0) = “0, ~(2, t = Oj = 0 (60) 

There is of course some arbitrariness in this choice but 

the ensuing time constants are expected to be of the 
same order of magnitude for ali reasonabIe initial con- 
ditions. 

The equations will be solved by means of a Laplace 

transformation. In the following we shall denote the 
Laplace transform of a quantityf(t) by F(s): 

(61) 

Two cases will be treated. First and for simplicity we 
shall analyze the case of mixed boundary conditions, 
as in sect. 3.1. In sect. 5.2. we then consider a reflect- 
ing boundary, in order to allow for comparison with 
the work of Berg and Blomberg [7]. The stationary 
state in this case is trivial2 n(r) E 0, so that the tran- 
sient behaviour is really its only interesting aspect. 

5.1. Mixed boundary conditions 

The incoming part rzin(r, t) obeys the following 
equations: 

(62a) 

iT’“(r = b) = 0, ?T”“<r = R) = ttois . 

It is-easily verified that the solution is 

(62b) 

Z’“(r, s) = +, (1 -fg$), (63) 

where y is defined in (44) and 4 is a wave number de- 
fmed by 

q= = s/D3 - (64) 

The flux onto the chain is readily determined from 
(63), and the equation for the unspecifically bound 
particles turns out to be 

(65) 

The solution showing the usual behaviour at z = 0 and 
z=L is 

2srD3n0 -qb y’(qb) qz, s) = ~ 
s(h + s) _Nqb) 

C66) 

where 

D1 112 

Is= x+-s - (4 
The Laplace transformed rate constant finally is 

(6’0 
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This looks very similar to expression (31), and indeed 
for long times t -+ 0~ we expect &s(t) to approach the 
steady state result k,, (31). For the Laplace transform 
this means that lim s_,o~~s(s) = k,,/s shouid hold. 
Noting that is + I and --qb y’(qb)/y(qb) +- I/ln(R/b) 
we confirm this expectation_ 

The formula (68) contains the whole time depend- 
ence of k,,(t) in disguised form. Since the explicit rep- 
resentation requires a difficult inverse transformation 
we shall content ourselves with a typical time r which 
is the mean time for relaxation to the steady state and 
is defined as follows: 

i.e.-we assume that the deviation Q,(~) - k,, is typi- 
cally of the order of the stationary rate jr._ itself_ In 
term of Laplace transforms this reads 

k ass - i = Frno (&s(s) - k,,/s) (70) 

and expanding (68) to the appropriate order of s we 
find 

@_b2 b2( 1 + In R/b) 
‘=4D,hRfb- 303 

-GA -( l- _ 
JW 

smh L/I cash L/1 ) 3 (71) 

which for R S b takes on the simpler form 

l- _ 
2LIi 

smh 2LIi 
=rl-r2_ (72) 

We see that there are two times involved. The first, rl, 
is essentially the time it takes for an average particle, 
located at a distance R/3, to fmd the chain by diffu- 
sion. The second time r2 is the mean residence time 
of the unspecifically bound particles; for long chains 
L > I it reduces to I /2h whereas for 1% L it reads 
L2/3DI which is the time the particle needs to find 
the trap and disappear. The minus sign in (72) means 
that when r2 is the dominant time the mean excess 
current n,-,Jg (k&r) - k&d? is directed outward; 
it is then easier for the particles to reach the outer cyl- 

inder uall at R than to find the sink at z = 0. 
The order of magnitude of 71 and ‘2 depends on 

the experimental conditions. For R - l@l%, b - lOA, 

D3 - 10m7 cm2/s which might apply to the repressor- 
operator association, we get r1 - 1 O-2 s. From the un- 
specific binding constant [6J it may be estimated that 
r2 is of a similar order of magnitude, although it should 
depend on the salt concentration. The experimental 
determination of k,, [ 123, on the other hand, in- 
volves seconds or minutes which shows that the steady 
state assumption usually is well justified. 

In their “closed cell approach”, Berg and Blomberg 
[7 3 have considered the case of impenetrable outer 
cylinder walls. This implies that every particle initially 
present will sooner or later disappear in the sink at 
z = 0. The steady state n(r) m 0 does not reveal any- 
thing about the association kinetics_ It is therefore in- 
evitable to consider the time dependence to get any 
nontrivial result. This is obviously not a straightfor- 
ward way to derive the rate constants but it does pres- 
ent a possibility_ 

The main difference to the preceding calculations 
is that the boundary condition &z/i&j,, = 0 requires 
both niq and uren to be determined as 

&rin/arjR = -&rrefl/%jR _ (73) 

This makes the computation very cumbersome. In fact, 
it is convenient to first solve the equation for nrefl 
which vanishes at t = 0 so that according to (9), and 
after Laplace transformation, we have 

(D3V2 - s)‘;i *efl = 0, z r&l jR = aWflJazi, = 0, 

257bag aiTrefi/a,lb = -AZ _ (74) 

‘Ihe formal solution is 

where 

k,, = nr/L, Kz=k;+s/D3=e+q2 (74) 

and 

z. z r” Z(z, s) cos ic,z dz_ (77) 
0 
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has yet to be determined frz~rn the equation for u. 
Next, however, we calculate nin which fulfils 

and the boundary condition (73). Using (75) we find 

.+A~ a 
2iiD3L n=-ol 

yn(s)x(KnT)Zn cos k,z ) (79) 

where x(K,r) is a combination of Bessel functions that 
vanishes at T = b (cf. (44) for y), 

x(&r) = I,-,(Kn~)KO(Knb) - lo(Knb)Ko(Knr) , (80) 

and g*(sj is an abbreviation for 

gn (s) = 
1 1 

I&b y’(K&) I&R x’(I&R) 

x’(Knb) Y'WnR) 

=y&b) x’(li,R) - 

From (79) we derive the flux onto the chain 

(81) 

y&)i;;l cos knz 
(82) 

with 0(s) standing for 

Inserting (82) into the equation for ZJ, 

d=z - a@ q dzt-(h+s)u=-_2iib&,rb 9 
I 

(83) 

(84) 

multiplying by cos knz and integrating we find 

where Is has been defmed in (67). The complete inte- 
gration of (84) gives 

il(z. s) = 
“0 S(s) 
- l- ( cosh(L - 2)/I, x 

h + s 
CO& L/I, ‘L(h 

XC 
MS) z cash (L - z)/I, 

(86) 

-= 1 +<knis)= 
n cos k,z - 

cash L/I, - 

The flux into the sink at z = 0 is therefore 

Dl dgIo 
(87) 

iin Is tanh L/i, _ 

Finally we substitute (85) for ?Yn and after rearrange- 
ment obtain the time dependent association rate as 

z&,(s) = 2L$(s) 
[ 

1 + 2 (1 - (zs/zj=~o(s)) 

X2 1-l 
n=l I+ (linzsj= : (zs/~'pn,(s)J - (88) 

This resembles very much the formula obtained by 
Berg and Blomberg [7] except that here we do not use 
their artificial length II. As in the previous section, we 
now investigate the behaviour at small s: 

No contribution - s-l appears because of the trivial 
steady state. Q is the integrated flux into the sink, Q = 
2 JgD1 du/dz I o dt, and indeed we derive from (8s) 

Q = 2Lti(0)nQ = 2Ln(R2 - b=)iz,, , (90) 

which is the totai number of particles initially present 
in the cylinder. The time constant 7 requires somewhat 
more computation. For h = 0 the unspecific associa- 
tion is rate limiting and we get 7 = r. + L2/3D, 

R4 In R/b 3R2 - b= _ - 
” - 2D,(R= -b=) - 8D3 

z R2&f’b (R $a 3) _ (91) 

r. is the time it takes for a typical particle to find the 
chain. Berg and Blomberg argue that the phenomeno- 
logical association rate should be identified as l/rzOrO 
with 2LnR= = l/n o, i.e. R is determined such that the 
cylinder comprises one partide. Inserting this into (91) 
we find k=, = 4srD3L/ln(R/b) which is indeed the un- 
specific association rate (28) taken for the total length 
of the chain. 

In the general case h =# 0 the typical time is 
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)( 

L 
ItmhL,,- 1 -f-M 

(92) 

= (L/&n+ fifh, + (L& + M - 1)/X (R 3 b) , 

where leff is the same as in (31) and 

et=25 l 9&o 

n=1 1+ (k,,@ 1 -f (k,1)2 - gm(0) 
(93) 

is a number which depends on R, B, L, and 1. The in- 
terpretation of (92) is obvious: before getting to the 
sink at z = 0 the particles has to make N= L&f, + M 
trials. on the average, and-N - 1 times it gets released 
from the chain. Since Zeff is the distance that the par- 
ticle covers each time it is unspecifically bound, Lfie.r 
is indeed the minimum number of trials to be expected. 
Assuming M S 1 and L > I, as Berg and Blomberg do, 
their argument leads to the association rate (31). This 
assumption, however, requires R 2 L; for long rod 
shape cylinders, b <R 4L, we have gJ0) = 1 and 
Ma l/3(L/Z)2. in this case the particle’s fate may be 
described as a random walk along the cylinder, in steps 
of length I, each step taking the time r,, + I/h. A con- 
nection between the total time r and the phenomeno- 
logical association rate kass is then no more obvious. 
Considering this and the fact that the results of these 
transient calculations do not provide more informa- 
tion than the simple models dealt with in sect. 3 and 
4 we conclude that the use of time dependent situa- 
tions to derive rate constants is not only quite awk- 
ward but also not generally applicable. A real need for 
considering the transient behaviour only arises when 
the steady state assumption is to be justified (as e.g. 
in [II]). 

6. Summary and discussion 

A detailed investigation has been presented of a 
particular kind of catalysis, namely rate enhancement 
due to guided diffusion. The target of a diffusing par- 
ticle is assumed to be part of a string for which that 
particle has a general affinity, the unspecific attach- 
ment being loose enough, however, to allow for mo- 
tion along the string.-In such a case the particle can 
use the efficiency of one-dimensional diffusion to more 
easily find its target. This mecha’nism becomes the 

more pronounced the higher the diffusiori’constant D, 
and the lower the unspecific dissociation rate X; it may 
be conveniently characterized in terms of a length I E 
dD_ which is for iarge strings the effective range of 
the target and determines the cross section for an in- 
coming particle. 

By that means nature may overcome the upper 
limit set to the association rate by diffusion in three- 
dimensional space [i 7 3 _ However, the effective range 
2 may not be pushed arbitrarily high by simply reduc- 
ing X and enlargening Dl _ As for other catalytic mecha- 
nisms, e.g. in enzymic reactions [173, there has to be a 
balance between the affinity (i.e. X) and the mobility 
(i.e. Dr) of the particle on the string, giving an upper 
limit to 1. The following schematic picture ilhrstrates 
this situation from an energetic viewpoint (fig. 4). Let 
-gu and -gs be the free energies per particle upon tm- 
specific and specific association. The equilibrium is 
then characterized by the constant 

k’ = kasslkdiss = @six-T (94) 

For the various rates we have to consider the correspond- 
ing energy barriers_ Since we assume diffusion controlled 
reactions throughout, these barriers are directly related 
to the diffusion constants, D3 - exp(-A3/k7), Dl - 
exp(-Al /kT)_ The reverse rates are accordingly h - 

exp(-(,q,+A~)/k~,I-I-exp(-(gs-gu~A~)/kT)-The 
main result of our investigations was k,, - +-or 

k ass-expi(gu-A~--~)12kT)- (99 

Let us put gu = xgs, and vary _Y between 0 and 1_ As- 
sume A3 <A, so that A3 may be neglected. How does 
the diffusion barrier A, depend on x? For x = 0 there 
is obvious?y A1 + A, = 0; for x = 1 the unspecific bind- 
ing would be as tight as the specific, thus any jump 
along the chain should be as difficult as total ~&SO- 

ciation, A1 = gs_ Let us therefore assume Al = x”g,. 

This gives k,, - I - exp((x - x y)gs/2 k7’) which has 
a maximum at x ~-1 = 1 /v_ ‘i’he simplest conceivable 
case v = 2 yields x = 112 and lmax - exp(g,/SkT) for 
the maximum possible effective range. This would 
imply 

+.K-1/2, Q ,p1/4, 1 max - jy’ /s (96) 

WithK= 1012 the optimal unspecific binding con- 
stant D3 /h should be 106, D1 would be three orders 
of magnitude smaller than DX, and the rate enhance- 
ment would be by a factor of 30 (assuming that the 
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Fmeaenergy 

0 :4 I I 4/t& free in 

1% 

solution 

-90 

1J Dl )I 0 
onspecifkc 
binding 

-ss 
SpEcifii 
binding 

Fiig. 4. Free enera scheme of diffusing particle. The equitib- 
rium distribution between the three possible states is given by 
the free eneees 0, g,,. gs. The kinetic parameters depend on 
the bei_&t of the energy barriers A1 and A3. see text. AI. must 
be expected to increase as -gu is lowered. 

typical step size of the random walk along the chain 
equals the extent of the specific binding site). These 
figures do not appear unreasonable for the lac repres- 
sor-operator system indicating that evolution has in- 
deed operated to maximize the association rate while 
at the same time retain specificity. 

We have calculated Zc,, for three different arrange- 
ments, two cylindrical ones and a spheroidal one. The 
results are given in (31), (49), and (59) respectively; 
they are graphically displayed in fig_ 2. Comparison 
shows that there are no pronounced effects to be ex- 
pected from changing the boundary conditions at the 
outer surfaces, the largest differences occuring for 
short chains,L 5 1. The most realistic formula has been 
derived using spheroidal coordinates: 

k 
45rD3 

*,=~ZtanhLIZ. (59) 

It applies as long asL B b and the chain is a straight 
line. For very short chains L = b(d I), however. the 
discrepan Jes to the result for spherical shape, 4+L, 
are &rdly noticeable so that (59) has indeed a wide 
range of validity. An advantage with respect to the 
cylinder formulae (31) and (49) is that the somewhat 
arbitrary radius R is not needed here. 

Two points must be taken into account before com- 
parison with experiments can be made. 

(i) For long chains the assumption of a linear shape 
will break down since DNA has a tendency to form 
random coils. This becomes effective when L exceeds 
the so called persistence length p which for DNA is of 
the order of 600 A [ 131. How is i&S then modified? 
We need not worry about Zeff = I because this is not 
appreciably greater than p in the cases of interest [3]. 
The logarithmic term, however, should be affected: 
according to the concluding remarks in sect. 4 and com- 

parison with (31), the logarithm takes into account 
how far the total chain extends its influence into the 
5ulk. This should generally be determfled by themole- 
cule’s largest diameter D which replaces L in (59). For 
a random coil, if 2L = np, we expect this diameter to 
be 20 = RZO-~P = (2L)“-6po-4 [ 143. This yields 

which has a slightly weaker L-dependence than (59). 
(ii) For small DNA sizes it becomes necessary to 

account for an L-dependence of the diffusion constant 
03 [I 53 - The reason is that D3 must be understood as 
the sum of the diffusion constants for the two reacting 
partners. As long as L is very large, the diffusion of the 
chain may be neglected but short DNA pieces may dif- 
fuse faster than the enzymes operating on them. 

In addition to calculating k,, for various steady 
state flow situations, following the von Smoluchow- 
ski-Debye-Eigen procedure, we have anaIyzed the 
time dependent diffusion equations iIz order ro estab- 
lish that the steady states are well attained within the 
times of typical experiments [ 12,163 _ For cylindrical 
geometry it turned out that the two characteristic 
times are R2/D3 and I/X. For spheroids we would 
again have to replace R by the maximum length 2L, 

and for randomly coiled DNA the diameter ~zo-~p 
should be taken. The DNA used by Riggs et al. [ 123 
had molecular weight 3 X I O7 corresponding to n = 

300 and gives relaxation times in the order of 10s3- 
10d2 s which is quite small on the scale of minutes 
that is relevant in the filter binding experiments. None- 
theless it should be remarked that compared to the 
transient times associated with small molecules, 5 I OPg 
s [I 1 J, those related to macromolecules are considera- 
bly larger. 

Electrostatic forces have only been mentioned in 
connection with unspecific binding, in sect. 2.3. The 
reason is that we consider their influence to be quite 



unspecific in reactions like the repressor-operator as- 
sociation. In fact, they are probably the main cause 
for the unspecific attraction of repressors to the chain, 
as suggested by the strong ionic strength dependence 
of the unspecific equilibrium, and we have shown how 
h may be interpreted in electrostatic terms. Of course, 
the electrostatic contribution is also part of the spe- 
cific binding energy but the difference between spe- 
cific and unspecific attraction is certainly due to short 
range chemical forces. 

The most obvious test for our formulae would con- 
sist in a series of experiments with operator-containing 
DNA segments of varying length 2L. So far only the 
limiting cases L 3 I 1121 and L < 2 [I 61 are available, 
and both agree well with our picture. The work of 
Riggs et al. [I21 has already been discussed in ref. [3]_ 
Let us now briefly comment on the recent work on 
synthetic lac operators [ 16],21 resp. 26 base pairs 
long, with wild-type (SQ) and tight-binding (QX 86) 
lac repressors. At 10%~ ionic strength (I = 0.05 M) the 
assocjation rates are X-,, = 2 X 109 M-3 s-3 for SQ 
and 3.3 X 3 OE M-l s-l for QX 86. The larger rate is 
well within the limits of what diffusion can achieve 
without electrostatic support. Taking a length 2L = 
SO&b=30A,andD3 = 10-6 cm2/s (which may 
even underestimate the actual diffusion constant of 
the small DNA segments) we get 

k 
2ii-2D3-2L 

ass = In U./b 
= 3 x lO’ M-t s-1 

Therefore SQ association appears to be nearly dif- 
fusion controlled whereas QX 86 has to overcome a 
reaction barrier before association takes place. Elec- 
trostatic forces could do little to enhance the rates as 
determined by diffusion aecause shielding would de& 
nitely not allow their influence to extend further than 
some 10 A. What they could do, however, is modify 
the reaction barrier for QX 86. This might indeed ex- 
plain the different sensitivity of the two repressors 
with respect to salt concentration. At I= 0.20 M, the 
rate for SQ has only moderately decreased to I X 109 
M-l s-l whereas kass =4X IO~M-~S-~ forQX86 
indicates that with shielded electrostatic attraction the 
reaction barrier is quite high for the tight-binding re- 
pressor_ With Iong operator-containing DNA these dif- 
ferences between SQ and QX 86 largely disappear which 
strongly points to the availability of a new more effec- 
tive pathway, using unspecific binding as an interme- 

diate state. Part of the explanation, however, may also 
be found in eqs. (34) and (35) which show that kass is 
much less sensitive to reaction barriers in the case of 
long chains than it is for short segments. 

Appendix 

Let us analyze the kinetics of the reaction system 
shown in fig_ 5 where the chain is simu!ated as a se- 
quence of A’ unspecific binding sites. Assuming that 
the concentrations ul, u2, _._, uJv of unspecifically 
bound particles are all in detailed balance, we want to 
discuss how the specific association and dissociation 
rates x- ass’ xbiss.~ 

x-,S 
n 

kg.. 
S, (A.11 

depend on N and the kinetic parameters k, h, d, n: 

$=-$=-&-+dul 

0 =ps -- 2dul -t du2 - hu, +- kn 

O=dui_l - 2dui -+ dui+l - hi+ + kn (i = 2, ._., N- 1) 

O=dun’_l -dun’ - XuN + kn (A-2) 

A little algebra yields the following relations for the ui: 

du, = (I +,+s+zNkn 

duiil = 
( 

x 
(A-3) 

I -~~hr__i 
> 

dui + 2N-i~~ (i = 1, _.-, Iv-l) 

where the Zi are recutively given by 

zi=wd+ I,(: ‘z,._~)’ 
.Z()=O. (A-4) 

Inserting dul into the rate equation for s we get 

$=-a$++ (A.5) 

As a first consequence we see that the equilibrium be- 
tween n and s is independent of N as it should be: 

so/no = kd/Ap _ 64-Q 
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Fig. 5. Discrete reaction model for catalysis via unspecific 
binding. Free particles are denoted by n, unspecific binding 
places are ul, ___, UN, the specific target is s. The rates k and h 
characterize the unspecific equilibrium, d the diffusion along 
the chain and P the specific dissociation rate. 

Given this equilibrium situation, the ui are ali equal to 

u,, = so/d = kno/h _ (A.3 

The rates, on the other hand, are both modified by the 
X-dependent factor zA,: 

k ass = zNk, kdiS = zN Xp/d (-4.8) 

This factor is easily analyzed using relation (A.45 
There are three ranges to be discussed: 

(i) m Q d. In this limit, (A-4) reduces to zi = 1 + 
z~_~ and therefore 

=N ---iv. (A.9 

The rates are enhanced in proportion to the total chain 

length. 
(ii) d/N S h -=S d. In this range as well as in the third, 

the sequence zl, 22, . . . has converged for indices of the 
order OfN which means thatZN=ZN_I_InSertingthiS 

into (A-4) we find 

zN = $(dl+ 4d/h - 1) . (A-10) 

In the limit X -sZ d this can be further simplified to yield 

ZN=m (A.1 1) 

which is very reminiscent of the results for the con- 
tinuous models: the effective range of the specific 
binding site is given by the distance the particle can 
diffuse during the time X-l it is unspecifically bound. 
Inserting (ALi 1) into (A-8) we find 

k ass = mk, kaidiss = 6?&~ - (A-12) 

(iii) X 3 d. If dissociation from the chain is faster 
than diffusion between the sites then expansion of 
(A.1 0) shows 

z, = d/X (A.13) 

which means that no rate enhancement due to unspe- 
cific binding occurs. This is of course an uninteresting 
case from our point of view. 

This model is useful if we are looking for the bound- 

ary conditions at z = 0, in the continuous versions. For 
the transition to a continuous chain we have to intro- 
duce the molecular length (I which is the distance be- 
tween neighbouring binding sites: 

L=Na, D1 = da2, U(Z)= U&a (A-14) 

and take the limit Q * 0, iq * -. 
Let us now consider the behaviour of ul and 112, 

for the case d 5 A_ Using (A-3) we see that for asso- 
ciation (s f 0) the ui increase linearly, u2 = 2z11, and 
that the flux into the trap is 

a~lar=du~=dn(u(~)-~(a))--,D~a~/a~l~, (A-15) 

in accordance with eq. (3). For dissociation, on the 
other hand, 77 E 0 and u-, = u1 = psfd. Going over to 
the continuous limit welfind 

u(O) = (PI01 )as 3 

which is the boundary condition (13). 

(A. 16) 

The situation would be quite different in the limit 
d < X. For s s 0 (association) we would have u2 = 

“1 = kn/X whereas for IZ s 0 (dissociation) the chain 
is completely devoid of particles, Z(i E 0. 
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